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Abstract
The spectral radius of a graph is the largest eigenvalue of its adjacency matrix. A mini-
mizer graph is such that minimizes the spectral radius among all connected graphs on n ver-
tices with diameter d. The minimizer graphs are known for d ∈ {1, 2}∪[n/2, 2n/3−1]∪{n−k |
k = 1, 2, ..., 8}. In this paper, we determine all minimizer graphs for d = 2(n− 1)/3.
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1 Introduction
All graphs considered in this paper are undirected and simple. Let G be a graph. The greatest
distance between any two vertices in G is the diameter of G, denoted by d(G), or simply by d.
An internal path of a graph is a path whose internal vertices have degree 2 and the two end
vertices have degree at least 3. An internal path is closed if its two end vertices coincide. The
characteristic polynomial of G, simply denoted by φG, is defined by φG(λ) = det(λI − A(G)),
where A(G) is the adjacency matrix of G and I is an identity matrix. The largest root of φG is
the spectral radius of G, denoted by ρ(G).
Hoffman and Smith [6, 7, 12] completely determined all connected graphs G with ρ(G) ≤ 2.
Cvetkovic´ et al. [3], Brouwer and Neumaier [1] characterized all connected graphs G with
2 < ρ(G) ≤
√
2 +
√
5.
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Figure 1: A dagger
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A dagger is obtained by adding a pendent path to the center of a star of order 4, see Figure 1;
an open quipu is a tree with maximum degree 3 such that all vertices of degree 3 lie on a path;
a closed quipu is a unicyclic graph with maximum degree 3 such that all vertices of degree 3
lie on the cycle. An open (or closed) quipu can be written in the form of P
(m0,m1,...,mr)
(k0,k1,...,kr,kr+1)
(or
C
(m1,...,mr)
(k1,...,kr)
) with all ki,mi ≥ 0 and r ≥ 0 (or r ≥ 1), where for r ≥ 1 and 1 ≤ i ≤ r, ki measures
the number of internal vertices on the ith internal path, while k0, kr+1, m0 and mi stand for the
lengths of the indicated pendent paths respectively, see Figures 2 and 3. These terminologies
were first introduced by Woo and Neumaier [14] for the following result.
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Figure 2: The open quipu P
(m0,m1,...,mr)
(k0,k1,...,kr,kr+1)
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Figure 3: The closed quipu C
(m1,...,mr)
(k1,...,kr)
Lemma 1.1 [14] A graph G whose spectral radius satisfies 2 < ρ(G) ≤ 3/√2 is either an open
quipu, a closed quipu, or a dagger.
A minimizer graph of order n with diameter d is such a graph that has the minimal spectral
radius among all simple connected graphs on n vertices with diameter d. The problem to
determine the minimizer graphs was raised by van Dam and Kooij [5] concerning a model of
virus propagation in networks. They solved this problem explicitly for d ∈ {1, 2, ⌊n/2⌋, n−3, n−
2, n− 1}, where the minimizer graph is a complete graph for d = 1, a star for d = 2 and n large
enough, a cycle for d = ⌊n/2⌋ and n > 6, a path for d = n − 1, P (1)
(1,n−3)
for d = n − 2, and
P
(1,1)
(1,n−6,1) for d = n − 3. All the minimizer graphs on n ≤ 20 vertices were also obtained in [5]
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via computer aid. The minimizer graphs are not unique in general. Later, they were further
determined for d = n− 4 by Yuan-Shao-Liu [15], for d = n− 5 by Cioabaˇ-van Dam-Koolen-Lee
[2], and for d = n − 6, n − 7, n − 8 by Lan-Lu-Shi [9], which turn out all to be open quipus.
Recently, Lan and Lu [8] determined the minimizer graphs for n/2 ≤ d ≤ (2n− 3)/3, where the
closed quipu C
(d−⌊n
2
⌋,d−⌈n
2
⌉)
(n−d−1,n−d−1) is the unique minimizer graph for n/2 ≤ d ≤ (2n− 5)/3, the closed
quipus C
(i,2d−n−i)
(n−d−1,n−d−1) for all integers 0 ≤ i ≤ 2d − n form the set of all the minimizer graphs
for d = (2n − 4)/3, and there are exactly two minimizer graphs for d = (2n − 3)/3: the closed
quipu C
(k−2)
(2k+1) and the open quipu P
(1,k−1)
(1,k−2,k−1) with k = n/3.
In this paper, we determine the minimizer graphs for d = 2(n − 1)/3 which form a family
of open quipus. This confirms a conjecture in [8]. Symmetric to the case d = (2n − 4)/3, our
result indicates that the minimizer graphs have a phase transition occurring at d = (2n − 3)/3
from closed quipus to open quipus.
Theorem 1.1 For k ∈ N, the minimizer graphs of order 3k + 1 and diameter 2k are exactly
P
(i,j)
(i,i+j−1,j) for all 0 ≤ i ≤ j satisfying i+ j = k.
The proof of Theorem 1.1 mainly relies on Lemma 1.1. The graphs stated in Theorem 1.1 are
known (by Lemma 2.8) with spectral radius less than 3/
√
2. Then three more steps determine
the minimizer graphs.
Step 1. Exclude the family of daggers and closed quipus for minimizer graphs by the diameter
condition for graphs with 2 < ρ(G) < 3/
√
2 (mainly by Lemma 2.5).
Step 2. Exclude most open quipus by refining the lengths of internal paths and pendent
paths (by Lemmas 2.6 and 2.7).
Step 3. Deal with several open quipus left to be excluded. For this purpose, some lemmas
shown in the next section will be used. The proof is given in the last section.
2 Preliminaries
For any vertex v in a graph G, let N(v) be the neighborhood of v. Let G− v be the remaining
graph of G after deleting the vertex v (and all edges incident to v). Similarly, G− u− v is the
remaining graph of G after deleting the two vertices u and v.
Lemma 2.1 [11] Let G be a graph, v be a vertex of G, and e = uv be an edge of G. Suppose v
and e are not contained in any cycle of G. Then the characteristic polynomial φG satisfies
φG = λφG−v −
∑
w∈N(v)
φG−w−v,
φG = φG−e − φG−u−v.
The facts stated in the following lemma can be used to compare the spectral radii of two graphs.
Lemma 2.2 Let G1 and G2 be two graphs. Then the following statements hold.
1. [4] If G2 is a proper subgraph of G1, then ρ(G1) > ρ(G2).
2. [10] If G1 is connected and G2 is a proper spanning subgraph of G1, then ρ(G1) > ρ(G2)
and φG2(λ) > φG1(λ) for all λ ≥ ρ(G1).
3. If φG2(λ) > φG1(λ) for all λ ≥ ρ(G1), then ρ(G2) < ρ(G1).
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4. If φG1(ρ(G2)) < 0, then ρ(G1) > ρ(G2).
Lemma 2.3 [7] Let uv be an edge of a connected graph G of order n, and denote by Gu, v the
graph of order n + 1 obtained from G by subdividing the edge uv once, i.e., replacing the edge
uv by a new vertex w and two new edges uw, vw. Then the following two properties hold.
(i) If uv does not belong to an internal path of G and G 6= Cn, then ρ(Gu, v) > ρ(G).
(ii) If uv belongs to an internal path of G and G 6= P (1,1)(1,n−6,1), then ρ(Gu, v) < ρ(G).
The following lemma indicates the effect of edge transfers on the spectral radii of graphs.
The result for k − l ≥ j were stated in [10] without a proof. For completeness, we include a
proof here.
Lemma 2.4 [10] Let j, k ≥ 0 and l > 0 be integers. Let u and v be two vertices (possibly u = v
for j = 0) of degree at least 2 and connected by an induced path of length j in a graph G. Denote
by G
(j)
k,l the graph obtained from G by adding two pendent paths of lengths k and l to vertices u
and v respectively, see Figure 4. If k − l ≥ j − 1, then
φ
G
(j)
k,l
(λ) ≤ φ
G
(j)
k+1,l−1
(λ) for λ ≥ ρ
(
G
(j)
k+1,l−1
)
, (1)
ρ
(
G
(j)
k,l
)
≥ ρ
(
G
(j)
k+1,l−1
)
, (2)
with each equality if and only if j = 0 and k = l − 1.
.
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Figure 4: The graph G
(j)
k,l
Proof. The strict inequalities in Eqs. (1) and (2) for j = 0 and k − l ≥ 0 were proven in [10,
Theorem 5]. It is easy to see that the equalities hold if j = 0 and k = l− 1 since the two graphs
G
(0)
l−1,l and G
(0)
l,l−1 are isomorphic. Now we assume j > 0 and then u 6= v. Applying Lemma 2.1,
we have
φ
G
(j)
k,l
− φ
G
(j)
k+1,l−1
= λφ
G
(j)
k,l−1
− φ
G
(j)
k,l−2
−
(
λφ
G
(j)
k,l−1
− φ
G
(j)
k−1,l−1
)
= φ
G
(j)
k−1,l−1
− φ
G
(j)
k,l−2
= ...
= φ
G
(j)
k−l+1,1
− φ
G
(j)
k−l+2,0
= φ
G
(j)
k−l,0
− φ
G
(j)
k−l+1,0−v
.
The graph G
(j)
k−l+1,0 − v has two pendent paths of lengths k − l + 1 and j − 1 at the vertex
u. Deleting these two pendent paths results in a subgraph H and G
(j)
k−l+1,0 − v = H(0)k−l+1,j−1.
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Suppose that k − l ≥ j − 1. Applying this lemma to H(0)k−l,j, we have
φ
H
(0)
k−l,j
(λ) ≤ φ
H
(0)
k−l+1,j−1
(λ) = φ
G
(j)
k−l+1,0−v
(λ) for λ ≥ ρ
(
G
(j)
k−l+1,0 − v
)
,
ρ
(
H
(0)
k−l,j
)
≥ ρ
(
G
(j)
k−l+1,0 − v
)
.
Note that the graphH
(0)
k−l,j is isomorphic to a proper spanning subgraph ofG
(j)
k−l,0. By Lemma 2.2,
we get
φ
G
(j)
k,l
(λ)− φ
G
(j)
k+1,l−1
(λ) ≤ φ
G
(j)
k−l,0
(λ)− φ
H
(0)
k−l,j
(λ) < 0,
for λ ≥ ρ
(
G
(j)
k−l,0
)
, which implies that ρ
(
G
(j)
k,l
)
> ρ
(
G
(j)
k+1,l−1
)
. 
Woo and Neumaier [14] noted that no (finite) graph has spectral radius exactly 3/
√
2 since
this is not an algebraic integer. A dagger on n vertices have diameter n−3 and its spectral radius
approaches increasingly to 3/
√
2 as n goes to infinity. However, some quipus have spectral radii
greater than 3/
√
2. Lemma 1.1 was refined in [8] as follows.
Lemma 2.5 [8] Let G be a graph on n vertices (n ≥ 13) with spectral radius less than 3/√2. If
G is an open quipu then its diameter d satisfies d ≥ (2n − 4)/3, where the bound is tight. If G
is a closed quipu then its diameter d satisfies n/3 < d ≤ 2(n − 1)/3, where the lower bound is
asymptotically tight and only the closed quipu C
(k)
(2k+3) with d = 2k + 2 and n = 3k + 4 takes the
upper bound.
Let δ1 be the indicator function of being 1, i.e., δ1(x) = 1 if x = 1 and 0 otherwise. The
following lemmas from [8] give necessary conditions for open quipus with spectral radius at most
3/
√
2.
Lemma 2.6 Suppose an open quipu P
(m0,...,mr)
(m0,k1,...,kr,mr)
(with r ≥ 2) has spectral radius less than
3/
√
2. Then the following statements hold.
1. For 2 ≤ i ≤ r − 1, we have ki ≥ mi−1 +mi + 1−
⌈
δ1(mi−1)+δ1(mi)
2
⌉
.
2. We have k1 ≥ m0 +m1 −
⌈
3δ1(m0)+δ1(m1)
2
⌉
−
⌊
δ1(m0−1)+δ1(m1−1)
2
⌋
.
3. We have kr ≥ mr +mr−1 −
⌈
3δ1(mr)+δ1(mr−1)
2
⌉
−
⌊
δ1(mr−1)+δ1(mr−1−1)
2
⌋
.
Lemma 2.7 Suppose that an open quipu P
(m0,...,mr)
(m0,k1,...,kr,mr)
(with r ≥ 2) satisfies
1. ki ≤ mi−1 +mi + 2−
⌈
δ1(mi−1)+δ(mi)
2
⌉
for 2 ≤ i ≤ r − 1;
2. k1 ≤ m0 +m1 −
⌈
3δ1(m0)+δ1(m1)+δ1(m0−1)
2
⌉
.
3. kr ≤ mr−1 +mr −
⌈
3δ1(mr)+δ1(mr−1)+δ1(mr−1)
2
⌉
.
Then we have ρ
(
P
(m0,...,mr)
(m0,k1,...,kr,mr)
)
> 3/
√
2.
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Denote by ρk the spectral radius of P
(k)
(k,k). Then ρ1 =
√
3 and ρ2 = 2. Note that P
(k)
(k,k) is a
proper subgraph of P
(k+1)
(k+1,k+1). By Lemma 2.2 and [14, Lemma 3], we have
ρk < ρk+1 < 3/
√
2. (3)
Moreover, the following lemma from [8] shows that the graphs we desire in Theorem 1.1 share
the same spectral radius.
Lemma 2.8 [8] For any non-negative integers i, j satisfying i+j ≥ 2, all open quipus P (i,j)(i,i+j−1,j)
and all closed quipus C
(i−1,j−1)
(i+j+1,i+j+1) have the same spectral radius ρi+j .
Let v be a vertex of graph G. In [9], a rooted graph (G, v) was defined as the graph G
together with the designated vertex v as a root, and we introduced two parameters p(G,v) and
q(G,v) satisfying
φG = p(G,v) + q(G,v),
φG−v = x2p(G,v) + x1q(G,v).
Here x1 and x2 are the two roots of the equation x
2 − λx+ 1 = 0, namely
x1 =
λ−√λ2 − 4
2
and x2 =
λ+
√
λ2 − 4
2
.
The fact x1+x2 = λ, x1x2 = 1 will be used deliberately. In this paper, we always assume λ > 2,
then x1 < 1 < x2. Thus p(G,v) and q(G,v) are well defined, and(
p(G,v)
q(G,v)
)
=
1
x2 − x1
( −x1 1
x2 −1
)(
φG
φG−v
)
.
Let Pn denote a path of order n. As an example in [8, Section 2.2], we have(
p(P2k+1,∗)
q(P2k+1,∗)
)
=
xk+12 − xk+11
(x2 − x1)3
(
xk−12 − 2xk+11 + xk+31
xk−11 − 2xk+12 + xk+32
)
. (4)
where ∗ stands for the center of the odd path P2k+1 for k ≥ 0.
Let t(G,v) := q(G,v)/p(G,v). It was shown in [9] that t(G,v) plays an important role on the
spectral radii of open quipus.
Lemma 2.9 Let u and v be the roots of P
(1)
(1,3) and P
(2)
(2,1) respectively as shown in Figure 5. Then
we have
t(
P
(1)
(1,3)
,u
)(λ) < t(
P
(2)
(2,1)
,v
)(λ) for λ > 2. (5)
s s s ss su s s s s
ss
v
Figure 5: Two rooted graphs
(
P
(1)
(1,3), u
)
and
(
P
(2)
(2,1), v
)
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Proof. By [9, Lemma 2.6] and Eq. (4), we have
 p(P (1)(1,3),u)
q(
P
(1)
(1,3)
,u
)

 = 1
x2 − x1
(
λ− x31 x1
−x2 x32 − λ
)(
x1 0
0 x2
)(
p(P3,∗)
q(P3,∗)
)
=
λ
x2 − x1
(
(λ− x31)x31 + x22
(x32 − λ)x32 − x21
)
,
and 
 p(P (2)(2,1),v)
q(
P
(2)
(2,1)
,v
)

 = ( x1 0
0 x2
)(
p(P5,∗)
q(P5,∗)
)
=
λ2 − 1
x2 − x1
(
(λ− x31)x21
(x32 − λ)x22
)
.
Thus we obtain
t(
P
(1)
(1,3)
,u
)(λ) =
(x32 − λ)x32 − x21
(λ− x31)x31 + x22
,
t(
P
(2)
(2,1)
,v
)(λ) =
(x32 − λ)x22
(λ− x31)x21
.
It follows that Eq. (5) is equivalent to
(x32 − λ)x32 − x21
(λ− x31)x31 + x22
<
(x32 − λ)x22
(λ− x31)x21
,
namely,
(x32 − λ)(λ− x31)(x2 − x1) < (x32 − λ)x42 + (λ− x31)x41,
which holds by the following easy calculation,
(x32 − λ)(λ− x31)(x2 − x1) =
[
λ(x32 + x
3
1)− λ2 − 1
]
(x2 − x1)
<
[
(x32 + x
3
1)
2 − λ2 − 1] (x2 − x1)
= (x61 + x
6
2 − x21 − x22 − 1)(x2 − x1)
= x72 − x52 − x32 + x31 + x51 − x71
= (x32 − λ)x42 + (λ− x31)x41,
where the inequality holds by
x31 + x
3
2 = (x1 + x2)
(
x21 − x1x2 + x22
)
= λ
[
(x1 − x2)2 + 1
]
> λ > 2.
The proof is complete. 
For a vertex v of graph G, denote by (G, v, i) (i ≥ 0) the graph obtained from G by adding
a pendent path of length i to v. It is clear that (G, v) can be regarded as (G, v, 0). Let u be the
other end of the pendent path in (G, v, i), then by [9, Lemma 2.6 (1)],
φ(G,v,i) = (1, 1)
(
p[(G,v,i),u]
q[(G,v,i),u]
)
= (1, 1)
(
x1 0
0 x2
)i(
p(G,v)
q(G,v)
)
= xi1p(G,v) + x
i
2q(G,v).
Let α(G,v,i) := φ(G,v,i+1)/φ(G,v,i), then the following equality holds accordingly,
α(G,v,i) =
φ(G,v,i+1)
φ(G,v,i)
=
xi+11 p(G,v) + x
i+1
2 q(G,v)
xi1p(G,v) + x
i
2q(G,v)
=
x2i+11 + x2t(G,v)
x2i1 + t(G,v)
. (6)
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Figure 6: The graph TG2G1,G3
For convenience, we write α(G,v) for α(G,v,0). Let (Gi, vi) be a (possibly empty) rooted graph
for i = 1, 2, 3, and let TG2G1,G3 be the graph shown in Figure 6. We have the following lemma,
which indicates that the spectral radius of TG2G1,G3 decreases as α(Gi,vi) (also t(Gi,vi)) increases
for i = 1, 2, 3.
Lemma 2.10 The spectral radius ρ
(
TG2G1,G3
)
is the largest root of the equation
α(G2,v2) =
1
α(G1,v1)
+
1
α(G3,v3)
. (7)
Moreover, let (G′i, v
′
i) be a rooted graph for i = 1, 2, then the following holds.
• If α(G1,v1)
(
ρ
(
TG2G1,G3
))
> α(G′1,v′1)
(
ρ
(
TG2G1,G3
))
, then ρ
(
TG2G1,G3
)
< ρ
(
TG2
G′1,G3
)
.
• If α(G2,v2)
(
ρ
(
TG2G1,G3
))
> α(G′2,v′2)
(
ρ
(
TG2G1,G3
))
, then ρ
(
TG2G1,G3
)
< ρ
(
T
G′2
G1,G3
)
.
Lemma 2.10 readily implies the following result.
Corollary 2.1 [13] For any pair of graphs G1 and G2, ρ
(
TG2G1,G1
)
= ρ
(
TG1G2,G2
)
.
Proof of Lemma 2.10. By Lemma 2.1, we have
φ
T
G2
G1,G3
= φ(G1,v1,1)φ(G2,v2,1)φ(G3,v3,1) − φ(G1,v1,1)φG2φG3 − φG1φG2φ(G3,v3,1)
= φG2φ(G1,v1,1)φ(G3,v3,1)
(
α(G2,v2) −
1
α(G1,v1)
− 1
α(G3,v3)
)
.
The graphs G2, (G1, v1, 1), and (G3, v3, 1) have spectral radius all less than ρ
(
TG2G1,G3
)
since
they are proper subgraphs of TG2G1,G3 . Thus, ρ
(
TG2G1,G3
)
must be the largest root of Eq. (7). The
rest of the lemma follows easily from Lemma 2.2. 
3 Proof of main theorem
Proof of Theorem 1.1. The theorem holds for n := 3k + 1 ≤ 20 as checked in [5]. So we can
assume that n > 20 and k > 6. Lemma 2.8 together with Eq. (3) implies that all graphs stated
in the theorem have the same spectral radius ρk ∈
(
2, 3/
√
2
)
.
By Lemma 2.5, the only closed quipu with diameter 2(n− 1)/3 and spectral radius less than
3/
√
2 is C
(k−1)
(2k+1). By Lemmas 2.3 and 2.2, and Corollary 2.1, we get
ρ
(
C
(k−1)
(2k+1)
)
> ρ
(
C
(k−1)
(2k+2)
)
> ρ
(
P
(k−1)
(k+1,k+1)
)
= ρ
(
P
(k)
(k,k)
)
= ρk.
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This shows that C
(k−1)
(2k+1) cannot be a minimizer graph. Note that a dagger of order n has diameter
n − 3 > 2(n − 1)/3 for n > 11. Then by Lemma 1.1, any minimizer graph must be an open
quipu with spectral radius less than 3/
√
2, which can be written as P
(m0,m1,...,mr)
(m0,k1,...,kr,mr)
. Counting
the number of vertices and the diameter, we have
3k = n− 1 = m0 +mr +
r∑
j=0
mj +
r∑
i=1
ki + r, (8)
2k = m0 +mr +
r∑
i=1
ki + r. (9)
By Lemma 2.6, we also have
l1 := k1 + 2−m0 −m1 ≥ 0, (10)
lr := kr + 2−mr−1 −mr ≥ 0, and (11)
li := ki −mi−1 −mi ≥ 0 for 2 ≤ i ≤ r − 1. (12)
Summing up these equalities and applying Eqs. (8) and (9), we obtain
r∑
j=1
lj =
r∑
i=1
ki −m0 −mr − 2
r−1∑
l=1
ml + 4
= 3
(
m0 +mr +
r∑
i=1
ki + r
)
− 2

m0 +mr + r∑
j=0
mj +
r∑
i=1
ki + r

+ 4− r
= 4− r.
This implies that r ≤ 4. We will show that all open quipus with r > 1 internal paths must
have spectral radius greater than ρk, which implies the right minimizer graphs as desired in the
theorem. For this purpose, those open quipus with spectral radius at most 3/
√
2 need only to
be considered. One can check that Lemmas 2.6 and 2.7 exclude most open quipus for minimizer
graphs except those shown in Figure 7 whose spectral radii, however, are indeed greater than
ρk, as proven in the following.
Case 1 r = 2. In this case, l1+ l2 = 2. By symmetry, we have the following two subcases.
Subcase 1.1 l1 = 0 and l2 = 2.
Eqs. (10) and (11) imply that
k1 = m0 +m1 − 2,
k2 = m1 +m2.
Then by Lemma 2.6 (2), we have⌈
3δ1(m0) + δ1(m1)
2
⌉
+
⌊
δ1(m0 − 1) + δ1(m1 − 1)
2
⌋
≥ 2.
It follows that m0 = 1. Also by Lemma 2.7,
⌈[3δ1(m2) + δ1(m1) + δ1(m2 − 1)]/2⌉ > 0,
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Figure 7: Open quipus with diameter 2k
which implies that m1 = 1 or m2 = 1, 2. Combining with Eqs. (8) and (9), we obtain that
all open quipus P
(m0,m1,m2)
(m0,k1,k2,m2)
, except P
(1,k−2,1)
(1,k−3,k−1,1), P
(1,k−3,2)
(1,k−4,k−1,2), and P
(1,1,k−2)
(1,0,k−1,k−2) shown in
Figure 7 (a), have spectral radius greater than 3/
√
2. By Lemmas 2.4 and 2.8, however, we have
ρ
(
P
(1,k−2,1)
(1,k−3,k−1,1)
)
> ρ
(
P
(1,k−1)
(1,k−1,k−1)
)
= ρk,
ρ
(
P
(1,k−3,2)
(1,k−4,k−1,2)
)
> ρ
(
P
(2,k−2)
(2,k−1,k−2)
)
= ρk,
ρ
(
P
(1,1,k−2)
(1,0,k−1,k−2)
)
> ρ
(
P
(2,k−2)
(2,k−1,k−2)
)
= ρk.
Subcase 1.2 l1 = 1 and l2 = 1.
Eqs. (10) and (11) imply that
k1 = m0 +m1 − 1,
k2 = m1 +m2 − 1.
Then by Lemma 2.6,⌈
3δ1(m0) + δ1(m1)
2
⌉
+
⌊
δ1(m0 − 1) + δ1(m1 − 1)
2
⌋
≥ 1,⌈
3δ1(m2) + δ1(m1)
2
⌉
+
⌊
δ1(m2 − 1) + δ1(m1 − 1)
2
⌋
≥ 1.
It follows that m0 = m2 = 1 or m1 = 1 since n > 20. Also by Lemma 2.7,
⌈[3δ1(m0) + δ1(m1) + δ1(m0 − 1)]/2⌉ > 1, or
⌈[3δ1(m2) + δ1(m1) + δ1(m2 − 1)]/2⌉ > 1.
It follows that m0 = 1 or m2 = 1. Therefore, combining with Eqs. (8) and (9), we obtain that
all open quipus P
(m0,m1,m2)
(m0,k1,k2,m2)
, except P
(1,k−2,1)
(1,k−2,k−2,1)
and P
(1,1,k−2)
(1,1,k−2,k−2)
shown in Figure 7 (a), have
spectral radius greater than 3/
√
2.
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By Lemmas 2.3 and 2.8, and Corollary 2.1, we get
ρ
(
P
(1,k−2,1)
(1,k−2,k−2,1)
)
> ρ
(
P
(1,k−2,1)
(1,k,k,1)
)
= ρ
(
P
(1,k−1)
(1,k−1,k−1)
)
= ρk.
Let G := P
(1,1)
(1,1,k−3) and H := P
(2)
(2,k−2), and let x and y be the right most endvertices of G and
H respectively. Note that
G ∼=
(
P
(1)
(1,3), u, k − 3
)
,
H ∼=
(
P
(2)
(2,1), v, k − 3
)
.
By Lemma 2.9 and Eq. (6), we have α(G,x)(λ) < α(H,y)(λ) for λ > 2. Then by Lemmas 2.10
and 2.8, we have
ρ
(
P
(1,1,k−2)
(1,1,k−2,k−2)
)
> ρ
(
P
(2,k−2)
(2,k−1,k−2)
)
= ρk,
noting that
P
(1,1,k−2)
(1,1,k−2,k−2)
∼= TPk−2G,Pk−3 ,
P
(2,k−2)
(2,k−1,k−2)
∼= TPk−2H,Pk−3 .
Case 2 r = 3. We have l1 + l2 + l3 = 1, which implies that only one of l1, l2, and l3 equals
one. By symmetry, we have the following two subcases.
Subcase 2.1 l1 = l3 = 0 and l2 = 1.
Eqs. (10), (11) and (12) imply that
k1 = m0 +m1 − 2,
k2 = m1 +m2 + 1,
k3 = m2 +m3 − 2.
Then by Lemma 2.6, we have⌈
3δ1(m0) + δ1(m1)
2
⌉
+
⌊
δ1(m0 − 1) + δ1(m1 − 1)
2
⌋
≥ 2,⌈
3δ1(m3) + δ1(m2)
2
⌉
+
⌊
δ1(m3 − 1) + δ1(m2 − 1)
2
⌋
≥ 2.
It follows that m0 = m3 = 1. Lemma 2.7 however, implies that all open quipus P
(1,m1,m2,1)
(1,k1,k2,k3,1)
have spectral radius greater than 3/
√
2.
Subcase 2.2 l1 = 1 and l2 = l3 = 0.
Eqs. (10), (11) and (12) imply that
k1 = m0 +m1 − 1,
k2 = m1 +m2,
k3 = m2 +m3 − 2.
Then by Lemma 2.6, we have
⌈[δ1(m1) + δ1(m2)]/2⌉ ≥ 1,⌈
3δ1(m3) + δ1(m2)
2
⌉
+
⌊
δ1(m3 − 1) + δ1(m2 − 1)
2
⌋
≥ 2.
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It follows that m1 = 1 or m2 = 1, and m3 = 1. Also by Lemma 2.7,
⌈[3δ1(m0) + δ1(m1) + δ1(m0 − 1)]/2⌉ > 1,
which implies that m0 = 1. Therefore, combining with Eqs. (8) and (9), we obtain that all open
quipus P
(m0,m1,m2,m3)
(m0,k1,k2,k3,m3)
, except P
(1,1,k−3,1)
(1,1,k−2,k−4,1) and P
(1,k−3,1,1)
(1,k−3,k−2,0,1) shown in Figure 7 (b), have
spectral radius greater than 3/
√
2.
By Lemma 2.4, however, we get
ρ
(
P
(1,1,k−3,1)
(1,1,k−2,k−4,1)
)
> ρ
(
P
(1,1,k−2)
(1,1,k−2,k−2)
)
> ρk,
where the last inequality was proved in Subcase 1.2, and
ρ
(
P
(1,k−3,1,1)
(1,k−3,k−2,0,1)
)
> ρ
(
P
(1,k−3,2)
(1,k−3,k−2,2)
)
> 3/
√
2,
where the last inequality holds since k − 2 < k − 3 + 2 and δ1(k − 3) = δ1(k − 4) = 0 for k > 6
which fails to satisfy Lemma 2.6 (3).
Case 3 r = 4. We have l1 + l2 + l3 + l4 = 0, which implies that l1 = l2 = l3 = l4 = 0. Eqs.
(10), (11) and (12) imply that
k1 = m0 +m1 − 2,
k2 = m1 +m2,
k3 = m2 +m3,
k4 = m3 +m4 − 2.
As above, Lemma 2.6 implies that m0 = m4 = 1. Lemma 2.7 however, implies that all open
quipus P
(1,m1,m2,m31)
(1,k1,k2,k3,k4,1)
have spectral radius greater than 3/
√
2. This completes the proof. 
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